Problem Set 3

Solutions

ECON 306 — Fall 2021

Note: Answers may be longer than | would deem sufficient on an exam. Some might vary slightly based on
points of interest, examples, or personal experience. These suggested answers are designed to give you
both the answer and a short explanation of why it is the answer.

Concepts and Critical Thinking

1. Describe, in your own words, what the marginal rate of technical substitution means. How is it
different from the slope of the isocost line?

The marginal rate of technical substitution (MRST) is the tradeoff (or exchange rate) between two inputs
for a firm (based on its technology or production function). The number literally means the amount of
capital the firm would remove (rate of substitution) if they were to use 1 more unit of labor to produce the
same amount of output.

The MRT S = J\]\j—llj,i is the slope of the isoquant curves, which expresses all the combinations of / and
k that produce the same output q.

The slope of the isocost line % is the rate at which the market trades off (or the exchange rate) between [
and k, based on relative factor prices.

2. Describe, in your own words, what is true at the least-cost input combination (the optimum) for a
firm. Why is it the optimum? What does the equality of the slope of the isoquant curve and the
slope of the isocost line mean, in English?

At the optimum point, the producer minimizes their total cost (reaches the lowest possible isocost line)
for a given level of output (a given isoquant curve) - thus their optimum is at a point where the two are
tangent. At a tangency, the slopes between the budget constraint and the indifference curve are the same.
We have seen that at this point:

MP, MP,
w a T

This means that at the optimum, the marginal product (output gained) for every dollar spent on either
labor or capital is the same. That is, you can get no more output by spending a dollar more on labor, or by
spending a dollar more on capital. This combination is the best that you can possibly do.
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3. Explain the difference between the short run and the long run in production.

In the short run, at least one factor of production is fixed, meaning it is too costly to change. In the long
run, all factors are variable, meaning they can be changed.

In our analysis, we often assume that capital (k) is fixed in the short run - it is too difficult for a firm to
change the number of locations or factories that it has (capital). It can only change labor in the short run.

dsr = f(%a l)

In the long run, firms can change the number of locations or factories that it has (capital), so all factors
are variable.

drLr = f(ka )

4. Describe, in your own words, what the law of diminishing marginal returns means. How can firms
increase output?

The law of diminishing returns means that adding more of one input, holding all others fixed, the marginal
product of that input will diminish.

For example, if we have a fixed amount of capital (one oven), and we keep adding chefs (labor), the more
chefs we add, the smaller and smaller the marginal product of labor (we get fewer and fewer additional
pizzas for every chef we add). It may be such that you ultimately get negative marginal product - if you
keep adding enough labor, it might actually reduce total output since there are “too many cooks in the
kitchen.”

It's crucial to understand that this relationship consists of adding more of just one factor, and holding
constant all other factors. The key problem was that there was just a single oven that we kept adding
chefs to. If we want to sustainably increase our output, we need to add more of both labor and capital.

This concept is largely attributed to David Ricardo, the classical economist, who famously said that if the
law of diminishing returns was not true, we would be able to grow the entire world’s food supply in a single
flower pot!




Problems
Show all work for calculations. You may lose points, even if correct, for missing work. Be sure to label
graphs fully, if appropriate.

5. Suppose a firm can hire labor at $5/hour and rent capital for $20 per hour.

a. Write an equation for the total cost of the firm.

Ifw = $5and r = 20

C=wL+rK
C =5L+ 20K

b. Suppose the firm wants to spend exactly $100. With labor on the horizontal axis and capital on the
vertical axis, find the equation of the isocost line (in a graphable form), and graph it.

100 = 5L + 20K
100 — 5L = 20K
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c. If the firm is completely automated (i.e. it uses only capital), how many units of capital can they
employ for $100?
C 100
_ = — = 5
r 20




d. Ifthe firm uses only labor, how many units of labor can they employ for $100?

SHRS!
—_
)
)

e. What is the slope of the isocost line? What does it represent?
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The slope is O% = —355 — —%. It represents the tradeoff in the market between [ and & based on their
relative prices.

f. Suppose a tax on capital makes renting capital raises the price of capital to $25 per hour. What
is the new (graphable) equation of the $100 isocost line? Graph the new isocost line on the same
graph.

100 = 5L + 25K
100 — 5L = 25K
5—02L =K

An easier way is to think about the new endpoint for capital:
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6. For each of the following production functions, identify whether the production process exhibits
constant returns to scale, increasing returns to scale, or decreasing returns to scale. Be sure to
show your worlk!

a. q=2L+4K

Suppose for example, we have 2 L and 2 K:
q=2(2)4+4(2)=4+8=12

Now we double inputs to 4L and &K:

qg=2(4)+4(4) =8+16 =24

Output has doubled, from 12 to 24 units, when we have doubled inputs from 2 to 4 K & L, so we have
constant returns to scale.

b. q= 6L0.25K0.75

Suppose for example, we have 2 L and 2 K:
q= 6(2>0.25(2)0.75 =12
Now we double inputs to 4L and &K:

q= 6(4)0.25(4)0.75 — 924

Output has doubled, from 12 to 24 units, when we have doubled inputs from 2 to 4 K & L, so we have
constant returns to scale.

. qg= 2L0.8K0.4

Suppose for example, we have 2 L and 2 K:

q=2(2)"%(2)%* = 4.59
Now we double inputs to 4L and 4K:
g = 2(4)08(4)%* = 10.56

Output has more than doubled, from 4.59 to 10.56 units, when we have doubled inputs from 2to 4 K & L,
so we have increasing returns to scale.



d. ¢ = 20025 025

Suppose for example, we have 2 L and 2 K:

q= 2(2)0.25(2)0.25 —2.82
Now we double inputs to 4L and &K:
q= 2(4)0.25(4)0.25 =4

Output has less than doubled, from 2.82 to 4 units, when we have doubled inputs from 2to 4 K & L, so we
have increasing returns to scale.



7. Jerry's Berries is a small farm that has the following production function for strawberries using com-
binations of labor () and land (%):

q=2It
The marginal products (of labor, [; and land, t) are:
MP, =2t
MP, =2]

Put labor, [ on the horizontal axis and land, ¢ on the vertical axis.

a. Write an equation for M/ RT'S ;.

MP,
MP,
2t

21

MRTSl,t -

b. Suppose the farm is currently using 4 units of labor and 1 unit of land. How much output (tons of
strawberries) is the farm producing?

Plug this input combination into the production function:

q=2It
q=2(4)(1)
q=28

c. From its current production, how much more output would the farm get by utilizing 1 more unit of
labor? What about 1 more unit of land (instead of labor)?

This is measuring the marginal product of [ and the marginal product of ¢, evaluated at the firm’s current
input combination in production ofl = 4andt = 1.

Hiring one additional unit of labor, /, will increase output by 2 units of strawberries.



MP, =2l
MP, = 2(4)
MP, =38

Using one additional unit of land, Z, increase output by 8 units of strawberries.

d. From its current production, how many units of land would the farm be willing to forgo in order to
use one more unit of labor and still produce the same output as before? How many units of labor
would the farm be willing to forgo in order to use one more unit of land and still produce the same
output as before?

This is measuring the marginal rate of technical substitution (i.e. the slope of the isoquant curve) evaluated
at the firm's his current input combination of { = 4 and ¢ = 1. From part A, we found the equation for
the MRTSM:

MRTSl’t —

MRS471 —

| = e~

At this current input combination, the firm would give up % units of land (%) to hire one more unit of labor

(1) to produce the same amount of output. This is the slope of the isoquant curve at this point: to go one
1

unit to the right, we go 7 units down.

To use one more unit of land, £, and produce the same amount of putput, the firm would give up & units of
labor, L. This is the inverse of the isoquant curve slope at this point. Consider: to go up one unit, we go 4
units to the left.

e. Suppose the farm can choose between input combinations of a = (4,1),b = (2,2),¢c =
(2,1),and d = d(3, 2). What outputs does each combination yield?

Check the output each input combination yields.

q =2t
q=2(4)(1)
q=38

Input combination a provides output of 8 units of strawberries.



q =2t

q=2(2)(2)
q=28

Input combination b provides output of 8 units of strawberries.

q =2t
q=2(2)(1)
q=4

Input combination ¢ provides output of 4 units of strawberries.

q =2t
q=2(3)(2)
q=12

Input combination d provides output of 12 units of strawberries.

f. Sketch a graph, plotting bundles a, b, ¢, and d. Indicate any isoquant curve(s) they are on, and
how much output each provides.
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8. Mad Max’s Road Warriors fix potholes in interstate highways. Max's road crews fill potholes using
workers and shovels, always in 1to 1 combinations. Using 1 worker with 1 shovel can fill 10 potholes
in a day. A worker with 2 shovels can still only fill 10 potholes, as can 2 workers with 1 shovel.

a. What is the relationship between workers and shovels as inputs?

They are perfect complements.

If we wanted to write the production function: since workers and shovels are perfect complements, Max
Max can only increase production (by 10) for every combination of 1 worker and 1 shovel (having more of
one, but not the other, does not change production). Thus, Mad Max can produce (fill potholes) according
to the minimum of what he has between the number of workers and the number of shovels.

q =10 x min{L, K}

As an example, if Mad Max has 2 workers and 7 shovels, there are only 2 worker-shovel combinations, and
thus they can fill 20 potholes.

b. Draw three production isoquants: one corresponding to filling 10 potholes, one for 20 potholes,
and one for 30 potholes.
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c. Mad Max receives a state contract to fill in 30 potholes. If the price of shovels is $10, and wages are
$5, what is the lowest cost Mad Max can fulfill the contract at? Plot this isocost line on the graph.

We know for it to fill 30 potholes, Mad Max would need 3 workers with 3 shovels. Plugging this into the
cost function at current prices:
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wL+rK =C
$5(3) + $10(3) = C
$15+ %30 =C

$45 =C

Now we want to plot the isocost line for $45, with w = $5 and » = $10. Let's find the equation for K in
terms of L:

C=wL+rK
C—-—wL=rK
C
Ay S e

r r

And now we plugin C' = $45, w = $5,and r = $10.

4

_d_ 5y
10 10

K =4.5—05L

See the updated graph below in the solution to the next part.

d. Add two more isocost lines to the graph, one for a total cost of $15 and one for $30. Hint: you'll
need to find the equations, and nicely, the slope doesn’t change.

It's simplest to use the equation of the isocost line and rearrange it to graphable form (K in terms of L).
Then plug in different costs and find the equation. Note the slope never changes, only the intercept!

C=wL+rK
C—wL=rK
C
Ay Y ¢
roor
C 5
=———L
10 10
C
K=——-—0.5L
10
For C=$15:
15
K=——0.5L
10
K=15—-0.5L
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For C=530:

30
K=——-05L
10
K =3-0.5L

Shovels (k)

10

Workers (1)

e. If the cost of buying a shovel rises from $10 to $20, what will happen to the rate at which Max Max
combines workers and shovels to fill the potholes? Why?

The composition of inputs will not change as Mad Max still needs to have an equal number of workers and
shovels. Workers and shovels are perfectly complementary inputs.
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9. Your firm builds aircraft engines using both labor (L) and power tools (K). The production function
for aircraft enginesis ¢ = 10L°-° K5

a. Can you completely mechanize the production of aircraft engines (i.e. produce using all capital, no
labor)?

No, if labor (L) is 0, the entire function becomes 0, yielding no output.

b. Suppose you currently have 100 power tools. In the short run, you cannot buy or sell power tools.
Derive your short run production function.

¢ = 10,/(100)VL
¢ =10(10)vV'L
g = 100VL

c. Find the (i) total product of labor, (ii) average product of labor, and (iii) marginal product of labor for
using 0, 1, 2, 3, 4, and 5 workers.' Round to the nearest engine. Does labor experience diminishing
returns?

Simply pluginl = 0,1 = 1,1 = 2---] = 5 into the production function to find the total product (g).
see how total product changes to find the marginal product. Divide by total output by [ to find the average
product:

[ ¢=100v1  MP =%} AP =1
0 100v/0=0 — —

1 100v1 =100 100—0=100 22 =100
2 100v2 =141 141—-100=41 =71
3 100v/3 =173 173—141=32 12 =58
4 100v4 =200 200—173 =27 2% =50
5 100v5 =224 224—200=24 2% =45

Yes, labor experiences diminishing returns as M P, is decreasing as [ is increasing.

d. Using your answer from Part C, sketch two graphs (roughly), one of total product, and one of
marginal and average product, each with labor on the horizontal axis.

"Hint: make a table!
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e. In the long run, does the production function exhibit constant returns to scale, increasing returns
to scale, or decreasing returns to scale?

By recognizing this is a Cobb-Douglas Production function of the form ¢ = Ak®1? (here, o and (3 are

both 0.5, as \/5 = 295, we can take the shorCut of noticing that v + 8 =1a0.5+0.5=1,s0
there are constant returns to scale.

We can confirm this by hand, by plugging in a number of inputs and then increasing them at the same rate.
Suppose for example, we have 2 land 2 :

g =10vV2v2=10(2) = 20
Now we double inputs to 4L and &K:
q = 10vV4v4 = 10(4) = 40

Output has doubled, from 20 to 40 units, when we have doubled inputs from 2 to 4 K & L, so we have
constant returns to scale.
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10. Dunder Mifflin paper company produces reams of paper each week according to the production
function:

q= 10l0.5k0.5
MPZ — 5l70.5k0.5
MPk — 5l0.5k—0.5

They have determined that they need to ship 1,000 reams of paper this week to Scranton, PA. Using capital
costs $20, whereas labor costs $10.

a. What is the cost-minimizing combination of labor and capital that will yield 1,000 reams of paper?
Round each to the nearest whole number.

We know that at the optimum:

MPy
M = E Plugging in known values
505K 05 9
L(=0:5-0.5) [r(0.5-(=05) — 0.5 Exponent rule for division
L'K'=05
K

T = 0.5  Exponent rule for negative exponents

K = 0.5L Multiplying both sides by L

MP, w . .
— Definition of optimum
T

To get exact quantities, plug this into the production function:

q=10VLK The production function
1000 = 104/ L(0.5L) Plugging in our function of Kand ¢* = 1000
100 = /L(0.5L)  Dividing both sides by 10

100 = v0.5L2 Multiplying
10000 = 0.5L2 Squaring both sides
20000 = L? Dividing both sides by 0.5
141 ~ L Square rooting both sides

Knowing L, we can find K:

K =05L
K = 0.5(141)
K=T11
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b. What is the total cost of using this combination of inputs?

wL +rK =C
$10(141) 4+ $20(71) = C
$1410 + $1420 = $2830

c. Now suppose that they need to double their output this week, and need to produce 2,000 reams of
paper. How does their optimal combination of inputs change?”

One quick hint is that recognizing the production function as a Cobb-Douglas production function and
looking at the exponents on L and K (as they are square roots, the exponents are each 0.5).

q= 2LO.5K0.5

1=05+0.5
The sum of the exponents is 1, so the production function experiences constant returns to scale: doubling
inputs will double output. We know that output doubles, so all inputs must double from about 141 workers

and 71 capital to about 282 workers and 141 capital. Since the MRTS is not changing (no marginal products
changed), nor did any input prices, the ratio of capital to labor used is still X' = 0.5 L.

Anyway, let's check manually. Knowing ' = 0.5L still, we need to find the exact quantities used in
production. Plug this into the production function, as before (with double q):

q=10vLK The production function
2000 = 104/ L(0.5L) Plugging in our function of Kand ¢* = 2000
200 = +/L(0.5L)  Dividing both sides by 10

200 = V0.5L2 Multiplying
40000 = 0.5L% Squaring both sides
80000 = L? Dividing both sides by 0.5
283 ~ L Square rooting both sides

Knowing L, we can find K:

K =05L
K = 0.5(283)
K =141

Which we anticipated (although with rounding error on L) before.

2Hint: neither the equation for MRTS nor any prices are changing!
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e. What is the total cost of this new level of output?

wL +rK =C
$10(283) + $20(141) = C
$2830 + $2800 = $5630

It has just about doubled the cost of before, as should be intuitive (we're producing twice as much as
before, with twice as many inputs at the same prices).

A graph was not necessary for these problems, but it can help us visualize what we were solving for:

f. Suppose management at Dunder Mifflin develops a new program that magically makes everyone
at the firm more productive, such that the firm’s new production function becomes:

q= 20l0.5k0.5
MPZ = 10779505
MP, = 101%5k705

Still needing to supply 2,000 reams of paper this week at the same input prices, what is their new optimal
combination of labor and capital?

The optimal ratio remains /X = 0.5L. To get the new quantities, plug this into the updated production
function:

q=20VLK The new production function
2000 = 204/ L(0.5L) Plugging in our function of K and ¢* = 2000
100 = /L(0.5L)  Dividing both sides by 10

100 = V0.5L2 Multiplying
10000 = 0.5L> Squaring both sides
20000 = L? Dividing both sides by 0.5
141 ~ L Square rooting both sides

Knowing L, we can find K:

K =05L
K = 0.5(141)
K=r11

This is the same optimal combination as when the firm produced 1,000 copies!
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g. How much does this combination cost? What does this show you about technological improvement
(or “total factor productivity”)?

With the same prices of labor and capital, this is the same total cost as in part b. Notice the doubling
of “total factor productivity” in the production function (from 10 to 20) means the firm can use half the
amount of inputs to produce the same amount as before!

500

0 50 100 150 200 250 300 350 400 450 500
Labor

q =104k, w = $10, r = $20
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